On equifocal submanifolds 
with non-flat section 
in symmetric spaces of rank two 

Naoyuki Koike 
Abstract 

In this paper, we show that there exists no equifocal submanifold with 
non-flat section in four irreducible simply connected symmetric spaces of 
rank two. Also, we show a fact for the sections of equifocal submanifolds 
with non-flat section in other irreducible simply connected symmetric spaces 
of rank two. 

1. Introduction 

A properly immersed complete submanifold M in a symmetric space G/K is 
called a submanifold with parallel focal structure if the following conditions hold: 

(PF-i) the restricted normal holonomy group of M is trivial, 

(PF-ii) if v is a parallel normal vector field on M such that v XQ is a multiplicity 
k focal normal of M for some xq € M, then v x is a multiplicity k focal normal of 
M for all x E M, 

(PF-iii) for each x 6 M, there exists a properly embedded complete connected 
submanifold through x meeting all parallel submanifolds of M orthogonally. 

The condition (PF-ii) is equivalent to the following condition: 

(PF-ii') for each parallel unit normal vector field v of M, the set of all focal 
radii along the geodesic j Vx with 7^(0) = v x is independent of the choice of 
x G M. 

This notion was introduced by Ewert ([E]). In [A], [AG] and [AT], this submani- 
fold is simply called an equifocal submanifold. In this paper, we also shall use this 
name and assume that all equifocal submanifolds have trivial normal holonomy 
group. The submanifold as in (PF-iii) ia called a section of M through x, which is 
automatically totally geodesic. Here we note that, in 1995, Terng-Thorbergsson 
[TeTh] originally defined the notion of an equifocal submanifold as a compact 
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submanifold satisfying the coditions (PF-ii'), (PF-iii) and the condition that the 
normal holonomy group is trivial and that the section is flat. M.M. Alexandrino 
[A] has recently introduced the notion of a singular Riemannian foliation with 
section. Note that its regular leaves are equifocal. If, g^iT^-M) is a Lie triple 
system of p := T e x(G/K) for any gK € M, then M is said to have Lie triple 
systematic normal bundle. Note that, under the condition (PF-i), the condition 
(PF-iii) is equivalent to the following condition: 

(PF-iii') M has Lie triple systematic normal bundle. 

In fact, (PF-iii) (PF-iii') is trivial and (PF-iii' )=>■ (PF-iii) is shown as follows. If 
(PF-iii') holds, then it is shown by Proposition 2.2 of [HLO] that exp- L (T 2 fM) 
meets all parallel submanifolds of M orthogonally for each x <G M, where exp- 1 is 
the normal exponential map of M. Also, it is clear that exp- L (T a f M) is properly 
embedded. Thus (PF-iii) follows. An isometric action of a compact Lie group H 
on a Riemannian manifold is said to be polar if there exists a properly embedded 
complete connected submanifold X meeting every principal orbits of the inaction 
orthogonally. The submanifold S is called a section of the action. If S is flat, then 
the action is said to be hyperpolar. Principal orbits of polar actions are equifocal 
submanifolds and those of hyperpolar actions are equifocal ones with flat section. 
Conversely, homogeneous equifocal submanifolds (resp. homogeneous equifocal 
ones with flat section) in the symmetric spaces occur as principal orbits of polar 
(resp. hyperpolar) actions on the spaces. For equifocal submanifolds with non- 
flat section, some open problems remain, for example the following. 

Open Problem 1. Does there exist no equifocal submanifold with non-Bat 
section in an irreducible simply connected symmetric space of compact type and 
rank greater than one ? 

This includes the following open problem. 

Open Problem 2. Are all polar actions on irreducible simply connected sym- 
metric spaces of compact type and rank greater than one hyperpolar ? 

L. Biliotti [Bi] gave the following partial answer for this problem. 

All polar actions on irreducible Hermitian symmetric spaces of compact type 
and rank greater than one are hyperpolar. 

He showed this fact by showing that all polar actions on a compact Kaehlerian 
manifold are coisotropic and that all coisotropic actions on irreducible Hermitian 
symmetric spaces of compact type are hyperpolar. See [Bi] about the definition 
of a coisotropic action. In 1985, Dadok [D] classified polar actions on spheres 
up to orbit equivalence. According to the classification, those actions are orbit 
equivalent to the restrictions to hyperspheres of the linear isotropy actions of irre- 
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ducible symmetric spaces. In 1999, Podesta and Thorbergsson [PoThl] classified 
(non-hyperpolar) polar actions on simply connected rank one symmetric spaces 
of compact type other than spheres up to orbit equivalence. Kollross [Kol2] has 
recently showed that all polar actions on irreducible symmetric spaces G/K J s of 
type I (i.e., G is irreducible) and rank greater than one are hyperpolar. Thus 
homogeneous equifocal submanifolds in irreducible symmetric space of type I are 
classified completely. All isoparametric submanifolds of codimension greater than 
one in a sphere are equifocal submanifolds with non-flat section. According to 
the homogeneity theorem by Thorbergsson ([Th]), if they are irreducible in a 
Euclidean space including the sphere as a hypersphere, then they are homoge- 
neous and hence they occur as principal orbits of the linear isotropy actions of 
irreducible symmetric spaces of rank greater than two. 

Let £ be a totally geodesic rank one symmetric space in a symmetric space 
G/K of compact type and rank two. Without loss of generality, we may assume 
that eK € S, where e is the identity element of G. Set t := T e ^£, which is a Lie 
triple system of p := T £ k(G/K)(c g) (g : the Lie algebra of G). Take v € t and 
a maximal abelian subspace o of p containing v. It is shown that t0 Spanj-u} is 
orthogonal to a. Let c be a Weyl domain in a with »ec, where c is the closure of 
c. If v € c, then we say that E is of principal type and if v G <9c, then we say that 
it is of singular type. Note that this definition is independent of the choice of v 
and a. See Section 2 about maximal totally geodesic rank one symmetric spaces 
of principal type and singular type in irreducible simply connected symmetric 
spaces of compact type and rank two. 

We [Koi3] showed the following fact: 

The sections of an equifocal submanifold with non-flat section in an irreducible 
symmetric space of compact type are isometric to a sphere or a real projective 
space. 

In this paper, we prove the following facts. 

Theorem A. There exists no equifocal submanifold with non-Bat section in 
SU(3)/SO(3), SU(6)/Sp(3), E 6 /F 4 and SU{3). 
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Theorem B. Let M be an equifocal submanifold with non-Bat section in one of 
the following symmeric spaces: 

SU{2 + q)/S{U{2) x U(q)), 50(2 + q)/SO (2) X SO(q), SO(10)/U(S), 
Sp(2 + q)/S P (2) x Sp(q), E 6 /Spin(W) • 17(1), G 2 /SO(4), Sp(2), G 2 . 

Then the sections of M are totally geodesic spheres (or real projective spaces ) of 
singular type. 

2. Maximal totally geodesic rank one symmetric spaces 

S. Klein [Kll~4] has recently classified totally geodesic submaifolds in all 
irreducible simply connected symmetric spaces of rank two. In this section, ac- 
cording to his classifications, we give the list of maximal totally geodesic rank 
one symmetric spaces of principal type and singular type in irreducible simply 
connected symmetric spaces of compact type and rank two: 

SU(3)/SO(S), SU(Q)/Sp(3), SU(2 + q)/S{U{2) x SU(q)), 
SO(2 + q)/SO(2) x SO(q), S0(W)/U(5), Sp{2 + q) / Sp{2) x Sp(q), 
E 6 /S P in(W) ■ 17(1), E 6 /F 4 , G 2 /SO(4), SU(3), Sp(2), G 2 , 

where the maximality means that it is maximal among totally geodesic rank one 
symmetric spaces. Let G/K be an irreducible simply connected symmetric space 
of compact type and rank two and set p := T e x{G / K). Take a maximal abelian 
subspace a of p. Let A be the root system with respect to o and A + be the 
positive root system under a lexicographical ordering of the dual space o* of o. 
Also, let II = {ai,a 2 }(c A + ) be the simple root system of A, where a 2 is the 
longer one of two elements of II when A is of (b 2 ) or (02)- A Weyl domain c 
in is given by c = {v € a\cti(v) > (i = 1,2)}. Let Vi (i = 1,2) be the 
unit vector of a~ 1 (0) belonging to the closure c of c. Set v$ := cos#-ui + sin9v 2 
(0 < 9 < 6 ), where 6 = f , f , f or f following to A is of (o 2 ), (b 2 ), (bc 2 ) or 
(02) type. If t(c p) is a Lie triple system and Expt is a totally geodesic rank 
one symmetric space, then t is contained in the cone C(Ad(K) ■ vq) (in p) over 
the orbit Ad(K) ■ vg of the s-representation associated with G/K through vq for 
some 9 G [0, 6q] (see Section 2 of [K14]), where Exp is the exponential map of 
G/K at eK and Ad is the adjoint representation of G. The angle 9 is called the 
isotropy angle of t. This terminology was originally used in [K14] . Here we note 
that Exp t is a totally geodesic rank one symmetric space of singular type if and 
only if the isotropy angle of t is equal to or #0 • 

First we consider the case of G/K = SU{3)/SO(3). Then A is of (o 2 )- 
type. According to Table in Section 4.6 of [K14], for each 9 € [0, |], maximal 
totally geodesic rank one symmetric spaces Eg having 9 as the isotropy angle in 
SU(3)/SO(3) are as in Table 1. Here we note that, for each 9, T>g is not unique. 
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e 




Type 


7T 

6 


S 2 , RP 2 


principal 


- 

u, g 


S 1 


singular 


other 


S 1 , K 


principal 



Table 1. 



Next we consider the case of G/K = SU(6)/Sp(3). Then A is of (ci2)-type. 
According to Table in Section 4.4 of [K14], for each 6 € [0, maximal to- 
tally geodesic rank one symmetric spaces Eg having 6 as the isotropy angle in 
SU(6)/Sp(3) are as in Table 2. 



e 




Type 


TV 

6 


S 5 , CP 3 , QP 2 


principal 




s 1 


singular 


other 


S 1 , K 


principal 



Table 2. 



Next we consider the case of G/K = SU(2 + q)/S(U(2) x 17(g)) (q > 2). Then 
A is of (b2)-type. According to Theorem 7.1 of [K12], for each 6 £ [0, maximal 
totally geodesic rank one symmetric spaces E# having # as the isotropy angle in 
SU(2 + q)/S{U{2) x U(q)) are as in Table 3. 



e 




Type 





CP 9 


singular 


arctan i 


s 2 


principal 


arctan i 


C CP^ (when <? > 4) 
I RP 2 , S 4 (when g = 3) 
{ S 1 (when g = 2) 


principal 


7T 

4 


Qplf] 


singular 


other 


S 1 , R 


principal 



Table 3. 



Next we consider the case of G/K = SO{2 + q)/SO (2) x SO{q) {q > 3). Then 
A is of (b2)-type. According to Theorem 4.1 and Proposition 3.7 of [Kll], for 
each G [0, j], maximal totally geodesic rank one symmetric spaces Eg having 6 
as the isotropy angle in 5*0(2 + q)/SO(2) x SO(q) are as in Table 4. 
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e 


s e 


Type 





RP 2 , S" 


singular 


arctan^ 


S 2 


principal 


7T 
4 


CP* 


singular 


other 


S 1 , R 


principal 



Table 4. 



Next we consider the case of G/K = SO(10)/U(5). Then A is of (b2)-type. 
According to Theorem 3.10 and Table in Section 3.5 of [K14], for each 6 € [0, j], 
maximal totally geodesic rank one symmetric spaces T,g having 6 as the isotropy 
angle in SO(W)/U(5) are as in Table 5. 



9 




Type 





CP 4 


singular 


7T 

4 


s 6 


singular 


other 


S 1 , R 


principal 



Table 5. 



Next we consider the case of G/K = Sp(2 + q)/Sp{2) x Sp(q) (q>2). Then 
A is of (&2)-type. According to Theorem 5.3 of [K12], for each G [0, j], maximal 
totally geodesic rank one symmetric spaces T,g having 6 as the isotropy angle in 
Sp{2 + q)/Sp{2) x Sp(q) are as in Table 6. 
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Type 





QPi 


singular 


arctan ^ 


S 3 


principal 


arctan i 


1 


' QP^ (when 9 > 5) 
CP 2 ,QP 1 (when g = 4) 
RP 2 ,QP 1 (when q = 3) 
QP 1 (when g = 2) 


principal 


7T 

4 


5 5 , QP [ 3l 


singular 


other 


S 1 , R 


principal 



Table 6. 



Next we consider the case of G/K = E 6 /Spin(10) ■ U(l). Then A is of (b 2 )- 
type. According to Theorem 3.3 in Section 3.2 of [KL4] and Table in Section 3.3 
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of [K14], for each 9 € [0, J], maximal totally geodesic rank one symmetric spaces 
Eg having 9 as the isotropy angle in E§/Spin{lti) ■ U(l) are as in Table 7. 



e 




Type 





CP 5 


singular 


7T 

4 


OP 2 


singular 


other 


S\ K 


principal 



Table 7. 



Next we consider the case of G/K = Eq/F^. Then A is of (ci2)-type. Accord- 
ing to Theorem 4.2 and Table in Section 4.2 of [KL4] and Table in Section 4.3 
of [K14], for each 9 € [0, maximal totally geodesic rank one symmetric spaces 
Eg having 9 as the isotropy angle in Eq/F^ are as in Table 8. 



e 




Type 


7T 

6 


S 9 , QP 3 , OP 2 


principal 


- 

u, 3 


s 1 


singular 


other 


S 1 , K 


principal 



Table 8. 



Next we consider the case of G/K = G2/SO(4). Then A is of (fl2)-type. 
According to Theorem 5.2 and Table in Section 5.2 of [KL4], for each 9 £ [0, 
maximal totally geodesic rank one symmetric spaces Eg having 9 as the isotropy 
angle in G2/SO(4) are as in Table 9. 



e 




Type 





s :i 


singular 


arctanC^j) 


5 3 


principal 


7T 

6 


S 13 , MP 3 , CP 2 


singular 


other 


S 1 , R 


principal 



Table 9. 



Next we consider the case of G/K = {SU(3) x St7(3))/A SU{3) = SU(3). 
Then A is of (o2)-type. According to Theorem 4.6 and Table in Section 4.5 of 
[KL4], for each 6 G [0, |], maximal totally geodesic rank one symmetric spaces 
Eg having 9 as the isotropy angle in SU (3) are as in Table 10. 
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e 




Type 


TV 

6 


S 3 , RP 3 , CP 2 


principal 


0,f 


S 1 


singular 


other 


S 1 , M 


principal 



Table 10. 



Next we consider the case of G/K = {Sp{2) x 5p(2))/A 5p(2) = 5p(2). Then 
A is of (b2)-type. According to Theorem 3.8 and Table in Section 3.4 of [KL4], 
for each 9 £ [0, j], maximal totally geodesic rank one symmetric spaces E# having 
9 as the isotropy angle in Sp(2) are as in Table 11. 








Type 


arctani 


s 3 


principal 


7T 
4 


S 3 , QP 1 


singular 





S 1 


singular 


other 


S 1 , R 


principal 



Table 11. 



Next we consider the case of G/K = (G2 x G2)/ & Gi- Then A is of (fl2)-type. 
According to Theorem 5.2 and Table in Section 5.2 of [KL4] and Table in Section 
5.3 of [KL4], for each 9 € [0, |], maximal totally geodesic rank one symmetric 
spaces Eg having 9 as the isotropy angle in G2 are as in Table 12. 



e 




Type 





s 3 


singular 


arctan — = 
3^3 


s 3 


principal 


7T 

6 


S 3 , RP 3 , CP 2 


singular 


other 


S 1 , R 


principal 



Table 12. 



3. Proof of Theorems A and B 

Let G/K be an irreducible simply connected symmetric space of compact 
type, A be the root system of G/K with respect to a maximal abelian subspace 
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of p := T e x(G/K) (c g := LieG), M be an equifocal submanifold with non-flat 
section in G/K and Y, x be the section of M through x. Without loss of generality, 
we may assume that G is simply connected and K is connected. Now we shall 
prepare some lemmas to prove Theorems A and B. 

Lemma 1. If I] is a totally geodesic rank one symmetric space of principal type 
(resp. singular type), then a maximal totally geodesic rank one symmetric space 
containing £ also is of principal type (resp. singular type). 

Proof. This fact is trivial from the definition of a totally geodesic rank one 
symmetric space of prinicipal type (resp. singular type). q.e.d. 

Next we prove the following lemma for maximal totally geodesic rank one 
symmetric spaces of principal type. 

Lemma 2. Let £1 and £2 be maximal totally geodesic spheres (or real projective 
spaces) of principal type. If dim(£i n £2) > 1, then we have £1 = £2. 

Proof. Without loss of generality, we may assume that eK G £1 f~l £2- Set 
tj := T e ^-£j (i = 1,2). Take 0) £ ti (~l t2 and a maximal abelian subspace 
of p := T e x(G /K) containing v. Since £j (i = 1,2) are of principal type, v 
belongs to a Weyl domain c in 0. Hence is the only maximal abelian subspace 
of p containing v. According to the classification of totally geodesic submanifolds 
by S. Klein ([K1]~[K14]), it follows from this fact that £1 = £ 2 . q.e.d. 

Here we shall show that the fact similar to the statement of Lemma 2 does 
not hold for maximal totally geodesic spheres (or real projective spaces) of sin- 
gular type. Let £ be a maximal totally geodesic sphere (or real projective 
space) of singular type containing eK. Set t := T e /^£. Take 0) G t 

and a maximal abelian subspace of p containing v. Since £ is of singular 
type, v belongs to the boundary dc of a Weyl domain c in a. Let A be the 
root system of G/K with respect to and n = {ai,a2} be a simple root 
system of A satisfying {w <G a\ai(w) > (i = 1,2)} = c and ai(v) = 0. 
Then Ad(exp Zo)\ a gives the reflection in a with respect to a ] ^ 1 (0) for some 
Z Q e f ai {:= {Z £ f(:= Lie if) | ad(a) 2 (Z) = - ai {a) 2 Z (Va G a)}). We de- 
fine £ t (t £ M) by £ t := Exp(Ad(exp tZ)(i)). For many £'s, {£ t } teR is a 
non-trivial smooth one-parameter family of maximal totally geodesic spheres (or 

real projective spaces) of singular type and dim I n £< I > 1 holds because of 

\teR ) 

v <G T c k ( n £ t ] . Thus the fact similar to the statement of Lemma 2 does not 
\tm J 
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hold for maximal totally geodesic spheres (or real projective spaces) of singular 
type. 



Let H°([0, be the space of all L 2 -integrable paths in g := LieG (the Lie 
algebra of G) having [0,1] as the domain and i^ 1 ([0, 1],G) be the Hilbert Lie 
group of all i? 1 -paths in G having [0, 1] as the domain. Let ir : G — > G/K be the 
natural projection and <p : H°([0, — >■ G be the parallel transport map for G, 
which is defined by <p{u) := g u (l) for u G i?°([0, l],g), where g n is the element of 
i^QO, 1],G) satisfying # u (0) = e and g~}g' u = u. Let M:= (f o 0) _1 (M). Since 
G is simply connected and K is connected, M are connected. Denote by A (resp. 
A) the shape tensor of M (resp. M) and by V 1 " (resp. V -1- ) the normal connection 
of M (resp. M). Without loss of generality, we may assume that eK G M, where 
e is the identity element of G. Hence we have G M, where is the constant 
path at the zero elemnt of q. Take v G T^~M. Take a maximal abelian subspace 
of p and a maximal abelian subalgebra a containing a. Set Of := a n f, where f 
is the Lie algebra of K. Let A be the root system of G/K with respect to a, 
A + be the positive root system under a lexicographical oredering of a* and p a 
be the root space for a € A + . Also, set f Q := ad(a)p a , where a is the regular 
element of o. For convenience, we denote a by po and the centralizer u (a) of a in 
f by fo- For X 6 p a (a £ A + U {0}), we define Xf as the element of f such that 
&d(a)(X) = a(a)X f and ad(a)(X f ) = -a(a)X for all a £ a. For X £ p a , Y G a 
and k G Z, we define loop vectors l l X k , k and ly k G H°([0, 1], g) (i = 1, 2) by 



For a general Z G g, we define loop vectors l l z k G #°([0, (i = 1,2, k G Z) 



Ad(exp *Z ) • t 




Fig. 1. 



Z^- jfe (i) = lx k (t) =Xcos(2kirt) - X f sm(2k7rt) 
'x,fe(*) = Z i f ,fc(*) = X sin(2/c7rf) + A f cos(2fcvrt) 
/^ fc (t) = y C os(2fc7rt), % k {t) = Ysm(2kitt). 
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by 

l Z,k '■= l Z ,k + E { l h,ck + \ a ,k) ' 

where Z = Z + £ (Z P)a + Z f>a ) (Z G 0, Zp, a € p a , Z f)Q G f a := {Xj | X G p Q }). 

Denote by * the constant path at * G g. Note that * is the horizontal lift of 
* (G g = T e G) to 0. Then, according to Propositions 3.1 and 3.2 of [Koi2] and 
those proofs, we have the following relations. 

Lemma 3. Let X G T eK M n p a (a G A + U {0}). Then we have 



A v l x,k = 7^7" ( x f - l x,k), 



ia f = -- {v) * 1 a(v 



2 > 2ir Vr , * 
fcez\{o} 

2vr Vr , * 
fcez\{o} 



Lemma 4. Let w G T^M n p Q (a G A + U {0} J. Then we have 

72 __ "W^, 72 



= ^TT (™f ~ l w,k)> 
~ „ af-u) v-^ 1 , 2 

feez\{o} 



Lemma 5. Let X G Of. Then we have 

l s /v fe = ^x = o. 



From these lemmas, the following relation follows directly. 

Lemma 6. The following relation holds: 

Ker A v = Span{X | X G Ker A v n Ker R(-, v)v} © Span{r? | n G 3 f (Span{u})} 
©Span{/| ifc | Z G c g (Span{t;}), i = 1, 2, A; G N \ {0}}. 
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According to Lemma 1A.4 of [PoThl], we see that, for any x(= gK) G M, the 
focal set of (M, x) consists of finitely many totally geodesic hypersurfaces in the 
section E through x. Denote by $fi x the set of all totally geodesic hypersurfaces 
in E constructing the focal set of (M, x). 

By using Lemmas 1, 2 and 6, we shall prove Theorem A. 

Proof of Theorem A . (The case of SU{3)/ SO{3)) Suppose that there exists an 
equifocal submanifold M with non-flat section in SU{3)/ SO (3). Without loss of 
generality, we may assume that eK G M. Denote by E x the section of M through 
x(G M). According to Table 1, T, x is a 2-dimensional maximal totally geodesic 
sphere (or real projective space) of the isotropy angle |, where the maximality 
means that it is maximal among totally geodesic spheres or totally geodesic real 
projective spaces. Take a G $$) e K and a focal normal vector field v of M such 
that p := exp- L (v e x) belongs to a but that it does not belong to members of 
$f) e K other than a. Also, let F a be a focal submanifold corresponding to v 
(i.e., F := rj v (M) (r] v : the end-point map for v)). Set L a := r]^ 1 (p), which is 
contained in exp- L (rj L F). Then we have U E„ = exp ± (Tj L F) and E yi nE„ 2 = a 

holds for any distinct points y\ and y<i of L a . Hence we have dim(E J/1 n S^) > 
1. On the other hand, both T, yi and Ey 2 are 2-dimensional maximal totally 
geodesic spheres of isotropy angle | (i.e., of pincipal type). Hence, according to 
Lemma 2, they coincide with each other. Thus E^'s (y G L a ) coincide with one 
another. This implies that L a is a one-point set, which contradicts that v is focal 
normal vector field. Therefore, T'HeK is empty set, that is, M has no focal set. 
Hence M also have no focal set. This fact implies Jdiat M is totally geodesic. 
That is, we have T^M = Kgy A w for any w G T^M. Hence, from Lemma 6, 
we have T e xM = Ker^^ n Ker R(-, w)w for any w G T^ K M. Since E e /^ is of 
isotropy angle ^, Ker R(-, w )w is a maximal abelian subspace of p containing w. 
Hence we have dimM < dim(Ker R(-, w)w Q Spanju;}) = 1, that is, dimM = 1. 
Therefore we have dim SU (3) /SO(3) = dimM + dimE e ^ = 3. This contradicts 
dim. SU (3) / S 0(3) = 5. Therefore there exists no equifocal sumanifold with non- 
flat section in SU(3)/SO(3). 

(The case of SU (6) / Sp(3)) Suppose that there exists an equifocal submanifold 
M with non-flat section in SU(6)/Sp(3). Denote by r the codimension of M. 
Without loss of generality, we may assume that eK G M. According to the 
result in [Koi3] stated in Introduction, the section T, e K is a totally geodesic r- 
dimensional sphere or an r-dimensional totally geodesic real projective space. 
First we consider the case where T, e K is a r-dimensional totally geodesic sphere. 
Take a G $S) e K and a focal normal vector field v of M such that p := exp- L (f e i S :) 
belongs to a but that it does not belong to members of J-fjeK other than a. Let 
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F a and L a be as above. According to Table 2, there uniquely exists a maximal 
totally geodesic sphere containing T, y for each y £ and it is a 5-dimensional 
totally geodesic sphere of the isotropy angle ^ (hence of principal type) . Denote 
by S y this maximal totally geodesic sphere containing T, y . Then, for any distinct 
points y\ and 7/2 of L a , we have T, yi fl T, y2 = a and hence dim(S J/1 n S^) > 1. 
On the other hand, both T> yi and are maximal totally geodesic spheres of of 
pincipal type. Therefore, according to Lemma 2, they coincide with each other. 
Thus Ej/s (y € L a ) coincide with one another. So we denote E y by £ CT . For 
any a±, 02 G T'KeK-, we have dim(S CTl n S CT2 ) > dim£ e |f = r, and both and 
So- 2 are totally geodesic spheres of principal type. Hence, according to Lemma 
2, they coincide with each other. Thus S CT 's (a € J-7i e K) coincide with one 
another. So we denote T, a (<r £ TWeK) by S. Since U L ff C S, we have 

dim T e KL a < dimS = 5. On the other hand, since T, e x is of isotropy 

angle |, Ker w;)u; is a maximal abelian subspace of p containing w for each 
w € T, e K- Hence we have 

dimM < dim j ^ T eK L a + (Ker R(-,w)w Q Span{w}) J = 6. 

Therefore we have dimS'L r (6)/<S'p(3) = dimM + dimS e /^ < 11. This contradicts 
dim SU(6)/Sp(S) = 14. Next we consider the case where T, e x is a r-dimensional 
totally geodesic real projective space. Let a, v, F a and L a be as above. According 
to Table 2, there uniquely exists a maximal totally geodesic real projective space 
containing H y for each y € L a and it is a 3-dimensional totally geodesic real 
projective space of the isotropy angle | (hence of principal type). Denote by T, y 
this maximal totally geodesic sphere containing T, y . For any distinct points y\ 
and 2/2 of L a , we have dim(S J/1 n S y2 ) > 1. On the other hand, both S yi and T, y2 
are maximal totally geodesic real projective spaces of principal type. Therefore, 
according to Lemma 2, they coincide with each other. Thus £y's (y € L a ) 
coincide with one another. So we denote T* y by T, a . For any a±, 02 € J-HeK, 
we have dim(£ CTl n £<j 2 ) > dimS e ^- = r, and both T, ai and £ CT2 are totally 
geodesic real projective space of principal type. Hence, according to Lemma 
2, they coincide with each other. Thus S CT 's (a € TH e K) coincide with one 
another. So we denote S CT [a G FHex) by S. Since U L CT C S, we have 

dim T e KL a I < dim £ = 3. On the other hand, since £ e x is of isotropy 

angle |, Ker R(-, w)w is a maximal abelian subspace of p containing w for each 
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w € S e A"- Hence we have 



dimM<dim ^ T eK L a + (Ker R(-, w)w Q Span{w}) = 4. 

\yeTH eK ) 

Therefore we have dimS'L r (6)/<S'p(3) = dimM + dimS e ^ < 7. This contradicts 
dimS , L r (6)/S'p(3) = 14. Therefore it follows that there exists no equifocal sub- 
manifold with non-flat section in SU(6)/Sp(3). 

(The case of Eq/F±) According to Table 8, the only maximal totally geodesic 
sphere of dimension greater than one in Eq/F^ is of 9-dimensional and isotropy 
angle ^, and the only maximal totally geodesic real projective space of greater 
than one in Eq/F^ is of 3-dimensional and isotropy angle |. By noticing these 
facts and discussing similarly, we can show that there exists no equifocal sub- 
manifold with non-flat section in Eq/F^. 

(The case of SU (3)) According to Table 10, the only maximal totally geodesic 
sphere of dimension greater than one in SU(3) is of 3-dimensional and isotropy an- 
gle |, and the only maximal totally geodesic real projective space of greater than 
one in SU(3) is of 3-dimensional and isotropy angle ^. By noticing these facts 
and discussing similarly, we can show that there exists no equifocal submanifold 
with non-fiat section in SU(3). q.e.d. 

Next we prove Theorem B. 

Proof of Theorem B. (The case of SU(2 + q)/S{U{2) x U{q))) Let M be an 
equifocal submanifold with non-flat section in SU(6)/Sp(3) and T> x be the section 
of M through x(g M). Denote by r the codimension of M. Without loss of 
generality, we may assume that eK £ M. According to the result in [Koi3] 
stated in Introduction, the section T, e x is a r-dimensional totally geodesic sphere 
or a r-dimensional totally geodesic real projective space. Suppose that is of 
principal type. First we consider the case where 'SeK is a r-dimensional totally 
geodesic sphere. Take a G 3^} e ftr and a focal normal vector field v of M such 
that p := exp- 1 -^^) belongs to a but that it does not belong to members of 
$$j e K other than a. Let F a and L a be as in the proof of Theorem A. According 
to Table 3, there uniquely exists a maximal totally geodesic sphere containing 
Ti y for each y £ L a . Denote by T, y this maximal totally geodesic sphere. Also, 
according to the table, if q = 2, then it is a 2-dimensional totally geodesic sphere 
of the isotropy angle arctan | (hence of principal type), if q = 3, then it is a 
2-dimensional totally geodesic sphere of the isotropy angle arctan | (hence of 
principal type) or a 4-dimensional totally geodesic sphere of the isotropy angle 
arctan ^ (hence of principal type) and, if q > 4, then it is a 2-dimensional totally 
geodesic sphere of the isotropy angle arctan | (hence of principal type) or arctan \ 
(hence of principal type). For any distinct points y\ and y2 of L a , we have 
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dim(J2 yi n T, y2 ) > dimcr > 1 (hence S yi and have the same isotropy angle). 
Therefore, according to Lemma 2, they coincide with each other. Thus X y 's (y G 
L a ) coincide with one another. So we denote T, y by S CT . For any 02 € J~Ti e K, 
we have dim(S (T1 n S CT2 ) > dimS e x = r. Therefore, according to Lemma 2, they 
coincide with each other. Thus S^'s (a G TH e K) coincide with one another. So 
we denote S CT (a G TH e K) by S. Since U L„cS, we have 

dimf V T e ^<dim£ = (2 (when, = 2 or, > 4) 
Uk* J" I 4 (wh6n 9 = 3) 

On the other hand, since E e ^- is of isotropy angle arctan | or arctan ^, Ker R(-,w)w 
is a maximal abelian subspace of p containing u> for each w G S e K- Hence we 
have 



dimM < dim ^ T eK L a + (Ker 9 Span{w}) 

3 (when 6/ = 2 or g > 4) 
5 (when q = 3) 



< 



Therefore we have 

dimS£/(2+g)/S([/(2)x[/(a)) = dimM+dimX^ < 



5 (when g = 2 or c/ > 4) 
9 (when q = 3) 



This contradicts dim SU(2 + q)/S(U(2) x U(q)) = 4g. Next we consider the case 
where £ e ft- is a r-dimensional totally geodesic real projective space. Take a, v, F a 
and L a be as above. According to Table 3, we have q / 2 and there uniquely exists 
a maximal totally geodesic real projective space containing Y> y for each y G L a 
when g > 3. Denote by Y> y this maximal totally geodesic real projective space. 
Also, according to the table, it is a 2-dimensional totally geodesic real projective 
space of isotropy angle arctan \ . For any distinct points y\ and y2 of L a , we have 
dim(Sj /1 n Ti V2 ) > dimcr > 1. Therefore, according to Lemma 2, they coincide 
with each other. Thus £ y 's (y G L a ) coincide with one another. So we denote 
Yi y by So-. For any a±, oi G T'HeK^ we have dim(S CT1 n S CT2 ) > dimS e ii- = r. 
Therefore, according to Lemma 2, they coincide with each other. Thus S CT 's 
(a G J-7i e K) coincide with one another. So we denote S CT (a G TH e K) by X. 



Since U L CT C X, we have dim T e xL a I <dimS = 2. On the other 

\<t<^TH £ k ) 

hand, since S e x is of isotropy angle arctan |, Ker R(-, w)w is a maximal abelian 



15 



subspace of p containing w for each w G T, e K- Hence we have 

dimM < dim ^ T eK L a + (KerR(-,w)w Span{w}) < 3. 

Therefore we have dim SU '(2 + q)/S(U (2) x [/(g)) = dimM + dimS e ^ < 5. This 
contradicts dimSU(2 + q)/S(U(2) x U(q)) = Aq. Therefore S e x is of singular 
type. This completes the proof in case of G/K = SU{2 + q)/S(U(2) x U(q)). 

(The case of S0(2 + q) / S0(2) x SO(q)) According to Table 4, there exists the 
only maximal totally geodesic sphere of principal type and dimension greater than 
one in S0(2 + q)/SO(2) x SO(q) and it is of dimensional two and isotropy angle 
arctan Jj, and there exists no totally geodesic real projective space of principal 
type in SO{2+q)/ SO(2)x SO(q). By noticing these facts and discussing similarly, 
we can show that the sections of equifocal submanifolds with non-flat section in 
6*0(2 + q)/SO{2) x SO(q) are of singular type. 

(The case of SO(W)/U(5)) According to Table 5, there exists no totally 
geodesic rank one symmetric space of principal type and dimension greater than 
one in SO(10)/U(5). Hence it follows directly that the sections of equifocal sub- 
manifolds with non-flat section in SO(10)/U(5) are of singular type. 

(The case of Sp{2 + q)/Sp{2) x Sp{q)) According to Table 6, if q = 2, then 
a maximal totally geodesic sphere of principal type and dimension greater than 
one is a 3-dimensional totally geodesic sphere of isotropy angle arctan | or a 4- 
dimensional totally geodesic sphere of isotropy angle arctan i and there exists no 
maximal totally geodesic real projective space of principal type and dimension 
greater than one. Also, if q = 3, 4, then a maximal totally geodesic sphere of 
principal type and dimension greater than one is a 3-dimensional totally geodesic 
sphere of isotropy angle arctan | or a 4-dimensional totally geodesic sphere of 
isotropy angle arctan ^ and a maximal totally geodesic real projective space of 
principal type and dimension greater than one is a 2-dimensional totally geodesic 
real projective space of isotropy angle arctan i. Also, if q > 5, then a maximal 
totally geodesic sphere of principal type and dimension greater than one is a 
3-dimensional totally geodesic sphere of isotropy angle arctan | and a maximal 
totally geodesic real projective space of principal type and dimension greater than 
one is a 2-dimensional totally geodesic real projective space of isotropy angle 
arctan ^ . By noticing these facts and discussing similarly, we can show that the 
sections of equifocal submanifolds with non-flat section in Sp(2+q) / ' Sp{2) x Sp(q) 
are of singular type. 

(The case of EQ/Spin(W) ■ U (1)) According to Table 7, there exists no totally 
geodesic rank one symmetric space of principal type and dimension greater than 
one in Eq/ Spin(10) ■ U{\). Hence it follows directly that the sections of equifocal 
submanifolds with non-flat section in Eq/ Spin(10) ■ U(l) are of singular type. 
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(The case of G^/ SO{4)) According to Table 9, the only maximal totally 
geodesic rank one symmetric space of principal type and dimension greater than 
one is a 3-dimensional totally geodesic sphere of isotropy angle arctan . By 
noticing this fact and discussing similarly, we can show that the sections of equifo- 
cal submanifolds with non-flat section in G2/SO(4) are of singular type. 

(The case of Sp(2)) According to Table 11, the only maximal totally geodesic 
rank one symmetric space of principal type and dimension greater than one is 
a 3-dimensional totally geodesic sphere of isotropy angle arctan |. By noticing 
this fact and discussing similarly, we can show that the sections of equifocal 
submanifolds with non-flat section in Sp(2) are of singular type. 

(The case of G2) According to Table 12, the only maximal totally geodesic 
rank one symmetric space of principal type and dimension greater than one is a 
3-dimensional totally geodesic sphere of isotropy angle arctan -^-^ . By noticing 
this fact and discussing similarly, we can show that the sections of equifocal 
submanifolds with non-flat section in G2 are of singular type. q.e.d. 
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